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Abstract
This paper first presents a characterization of three classes of negligible closed convex sets (i.e., Gauss null sets, Aronszajn
null sets and cube null sets) in terms of non-support points; then gives a generalization of Gâteaux differentiability theorems of
Lipschitz mapping from open sets to those closed convex sets admitting non-support points; and as their application, finally shows
that a closed convex set in a separable Banach space X can be Lipschitz embedded into a Banach space Y with the Radon–Nikodym
property if and only if the closure of its linear span is linearly isomorphic to a closed subspace of Y .
© 2007 Elsevier Inc. All rights reserved.
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1. Introduction
There are three motivations for this note: negligible sets of separable Banach spaces, differentiability of Lipschitz
convex functions on “small” sets and localized uniform embeddings.
1.1. Negligible sets
The classical Rademacher theorem states that all Lipschitz mappings between two finite dimensional normed
spaces X and Y are almost everywhere differentiable with respect to the Lebesgue measure. But there are no in-
variant measures on an infinite dimensional Banach space [11,19]. To establish notions of “almost everywhere” in
infinite dimensional spaces, several classes of negligible sets have been introduced. For example, J.P.R. Christensen
[8] introduced Haar null sets in 1972, P. Mankiewicz [13] (1973) used an implicit notion of cube null sets, N. Aron-
szajn [2] introduced a notion of Aronszajn null sets (in the present language) in 1976 and R.R. Phelps [16] introduced
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null sets. The authors of the cited papers showed that every Lipschitz mapping from a separable Banach space to
a Banach space with the Radon–Nikodym property is almost everywhere Gâteaux differentiable, i.e., everywhere
Gâteaux differentiable off a null set. R.R. Phelps showed the differentiability version by proving that Aronszajn null
sets are Gauss null. In 1999, M. Csörnyei [9] showed that the three classes of negligible sets (Gauss null sets, Aron-
szajn null sets and cube null sets) coincide. Combining these results with that Gauss null sets are Haar null and that
σ -directionally null sets are Aronszajn null, we know that the collection of all Aronszajn (Gauss, cube) null sets is the
smallest known class of negligible sets guaranteeing a Gâteaux differentiability version of the Rademacher theorem
holds for those Lipschitz mappings defined on a separable space with values in a space admitting the RNP (for a
complete survey of this topic, see Benyamini and Lindenstrauss [5]).
By a simple observation of each notion of null sets, we obtain that no Borel set with nonempty interior is null and
every Borel set contained in a hyperplane is null.
1.2. Differentiability of convex functions
Differentiability properties of Lipschitz convex functions on “small” sets have been studied since late 80s of the
last century (see, for instance, [4,6,14,15,18,20]). Roughly speaking, the authors of the cited papers focused their
attention on searching for differentiability versions of Lipschitz convex functions defined closed convex sets C with
empty interior of Banach spaces. They were done by substituting N(C) (non-support points) of C for the interior
of C. Therefore, a question naturally arises.
Problem. Whether the Gâteaux differentiability versions of Rademacher theorem for Lipschitz mappings can be
localized to those Lipschitz mappings defined on closed convex sets C admitting nonempty non-support point set
N(C) with values in a space with the RNP?
1.3. Localized uniform embeddings
The Davis–Figiel–Johnson–Pelczynski theorem [10] asserts that every weakly compact set of Banach space can
be weak-to-weak continuously embedded into a reflexive space. Recently, Cheng, Cheng and Zhang [7] pointed out
that such embeddings can be uniformly continuous embeddings, that is, for every weakly compact set K of a Banach
space (X,‖ ·‖), there is a reflexive Banach space (Y, | · |) with C ⊂ Y ⊂ X such that the identity I : (Y,‖ ·‖) → (Y, | · |)
is (uniformly) continuous on C. On the other hand, the Banach–Mazur universal theorem says that every separable
metric space is isometric to a subset of C[0,1]; and in general, every metric space is isometric to a subset of l∞(Γ ) for
some set Γ (see, for instance, [5, p. 11]). A result of Aharoni [1] (see also Assouad [3], Benyamini and Lindenstrauss
[5]) states that every separable metric space is Lipschitz equivalent to a subset of c0. Since c0 is an Asplund space,
these embeddings are topologically better than Banach–Mazur isometries. The Gâteaux differentiability theorems that
we have mentioned in 1.1 say that we should stop expecting a nicer universal Banach space (say, with the RNP) of
separable metric spaces, since in this case, a Lipschitz embedding would deduce a linear embedding. But we still
wonder that whether we can obtain a localized setting, say, whether a closed convex set of a Banach space with the
RNP (in particular, a weakly compact or even a compact set) is Lipschitz equivalent to a subset of a Banach space
with the RNP?
This note shows that for a closed convex set C in a separable Banach space X it is not Aronszajn (Gauss, cube)
null if and only if N(C) = ∅; that every Lipschitz mapping from a separable closed convex set admitting non-support
points to a Banach space with the RNP is always somewhere Gâteaux differentiable; and as an application, it proves
that for a convex set C in a Banach space X, it admits a Lipschitz embedding to a Banach space Y with the RNP if
and only if the linear span of C is isomorphic to a subspace of Y .
2. Non-support points and negligible sets
In this section, we characterize a closed convex negligible set (Gauss null set, Aronszajn null set and cube null set)
of a separable Banach space by its non-support points. As a result, it is shown that a closed convex set of a separable
space is not Aronszajn (Gauss, cube) null if and only if it has at least a non-support point.
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Definition 2.1. Let C be a convex set in a Banach space X. Then
(i) A point x ∈ C is called a support point of C provided there exists a non-zero functional x∗ ∈ X∗ such that
〈x∗, x〉 = max{〈x∗, y〉: y ∈ C}.
We denote by S(C) the set of all support points of C.
(ii) Every point of C \ S(C) ≡ N(C) is called a non-support point of C.
The following proposition about non-support points of a closed convex set in a Banach space is due to J. Rainwa-
ter [18].
Proposition 2.2. Suppose that C is a closed convex set in a Banach space X. Then
(i) N(C) = intC if the latter is nonempty;
(ii) N(C) = ∅ if C is contained in a closed hyperplane;
(iii) N(C) is convex;
(iv) if x ∈ N(C) and y ∈ C, then [x, y) ⊂ N(C); thus, either N(C) is nonempty or else it is dense in C;
(v) N(C) is a Gδ subset of C, hence is a Borel set (see also R.R. Phelps [17]);
(vi) x ∈ N(C) if and only if Cx is dense in X, where Cx ≡⋃{λ(C − x): λ > 0};
(vii) if X is separable then N(C) is nonempty if and only if C is not contained in a closed hyperplane (see also
R.B. Holmes [12, p. 111]).
The following notions are contained in [5].
Definition 2.3. A probability measure μ on a Banach space X is called a Gaussian measure if for every x∗ ∈ X∗
the measure μx∗ on a real line, defined by μx∗(A) = μ{y: 〈x∗, y〉 ∈ A}, has a Gaussian distribution. The Gaussian
measure μ is called non-degenerate if for every x∗ = 0, the distribution of μx∗ is non-degenerate.
Let ν be the one-dimensional Lebesgue measure. For each y ∈ X \ {0} we set
A (y) = {A ⊂ X: A is a Borel set such that ν(A ∩ (x +Ry))= 0 for every x ∈ X},
and for a finite or infinite sequence {xn} of non-zero points in X, we put
A
({xn})=
{
A ⊂ X: A =
⋃
An, An ∈A (xn) for every n
}
.
We denote by K the Hilbert cube [0,1]N, and let τ be the standard product measure on K . A subset C of X is called
a cube if there exists a sequence {xn} of linearly independent vectors with ∑‖xn‖ < ∞ such that span{xn} is dense
in X, and there is a one–one affine map T of the form T (k) = x +∑ knxn (k = {kn} ∈ K) for some x ∈ X such that
T (K) = C. The measure τ ◦ T −1 on C is denoted by τT , and is called a cube measure.
Definition 2.4. Suppose that A is a Borel set in a separable Banach space X.
(i) The set A is called a Gauss null set if μ(A) = 0 for every non-degenerate Gaussian measure μ on X.
(ii) The set A is called an Aronszajn null set if
A ∈
⋂{
A
({xn}): {xn} are non-zero vectors such that span{xn} is dense in X}.
(iii) The set A is called a cube null set if τT (A) = 0 for every cube measure on X.
The following theorem is a combination of M. Csörnyei [9] and R.R. Phelps [16] (see also Y. Benyamini and
J. Lindenstrauss [5]).
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equivalent.
(i) A is Gauss null;
(ii) A is Aronszajn null;
(iii) A is cube null.
Theorem 2.6. Suppose that C is a closed convex set in a separable Banach space X. Then the following statements
are equivalent.
(i) N(C) = ∅;
(ii) aff(C) is a dense affine subspace;
(iii) ⋃∞n=1 n(C − x0) is a dense Borel linear subspace for some x0 ∈ C;
(iv) {x ∈ C: ⋃∞n=1 n(C − x) is a dense linear subspace} is nonempty.
Proof. Proposition 2.2(vii) explains that (i) and (ii) are equivalent.
(ii) ⇒ (iii). Since for every x0 ∈ C, aff(C) = x0+aff(C−x0) is a dense affine subspace, aff(C−x0) = span(C−x0)
is necessarily a dense subspace of X. Since N(C) = ∅, we can assume 0 ∈ N(C). Let x0 = 0. It suffices to show that⋃∞
n=1 nC = spanC. Given x ∈ spanC, Let x =
∑m
j=1 αjxj for some linearly independent vectors {xj }mj=1 in C and
for {αj }mj=1 ⊂R. Let Xm = span{xj }mj=1. Then Cm ≡ Xm ∩C is a closed convex set with 0 ∈ N(Cm) = intCm in Xm.
Thus, x ∈ Xm =⋃∞n=1 nN(Cm) ⊂⋃∞n=1 nC. This explains that spanC ⊂⋃∞n=1 nC.
(iii) ⇒ (iv) is trivial.
(iv) ⇒ (i). It suffices to note {x ∈ C: ⋃∞n=1 n(C − x) is a dense linear subspace} is contained in (actually equal to)
N(C). 
Combining the previous results of this section together we have
Theorem 2.7. Suppose that C is a closed convex set in a separable Banach space X. Then the following assertions
are equivalent.
(i) N(C) = ∅;
(ii) aff(C) is a dense affine space;
(iii) span(C − x0) is a dense in X for some x0 ∈ C;
(iv) ⋃∞n=1 n(C − x0) is a dense in X for some x0 ∈ C;
(v) ⋃{λ(C − x0): λ > 0} is dense in X for some x0 ∈ C;
(vi) C is not Aronszajn null;
(vii) C is not Gauss null;
(viii) C is not cube null.
Proof. It suffices to prove that (i) ⇔ (vi). Suppose N(C) = ∅, we can assume 0 ∈ N(C) and take x0 = 0. Note
Z ≡⋃∞n=1 nN(C) is a dense subspace of X. We fix any sequence {xn} in Z such that span{xn} is dense in Z. Let
0 < λn < 12n ‖xn‖−1 such that ±λnxn ∈ N(C). Then K ≡ co{±λnxn} is a compact convex set in C with a dense
linear span in X. Therefore, K is not Gauss null (see [16], also [5]) and further, C is not Aronszajn null. Conversely,
suppose that C is not Aronszajn null. Then it can be contained in a closed hyperplane. Proposition 2.2 again says that
N(C) = ∅. 
3. Gâteaux differentiability of Lipschitz mappings
In this section we first present a generalization of the Gâteaux differentiability theorems to closed convex sets
admitting non-support points. Then, applying this result to localized Lipschitz mappings, we show that a closed
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and only if spanC is linearly isomorphic to a closed subspace of Y .
Definition 3.1. Suppose that C is a closed convex set of a separable Banach space X with N(C) = ∅, and that Y is
a Banach space with the RNP. Let f :C → Y be a Lipschitz mapping. Then f is said to be Gâteaux differentiable at
x ∈ N(C) if
lim
t→0
f (x + tu) − f (x)
t
exists for every u ∈ Cx ≡⋃{λ(C − x): λ > 0}.
Definition 3.2. Suppose that X, Y are two Banach spaces and A ⊂ X is a nonempty subset. We say that A is Lipschitz
equivalent to a subset of Y provided that there is a mapping f : A → Y and a constant K > 0 such that for all x, y ∈ A,
K−1‖x − y‖ ∥∥f (x) − f (y)∥∥K‖x − y‖.
The following two lemmas are presented in [5, Propositions 6.41 and 6.29].
Lemma 3.3. Let Y be a Banach space with the RNP. Then every Lipschitz function f from an open subset U of Rn
into Y is Gâteaux differentiable off a null set of U .
Lemma 3.4. Let F be an n-dimensional subspace of X, and let {yk}nk=1 be a basis for F . Let λn be the Lebesgue
measure on F , and let A be a Borel subset of X such that λn(F ∩ (A+x)) = 0 for every x ∈ E. Then A ∈A ({yk}nk=1).
Note that X can be replaced by A, since for every x ∈ X with A ∩ (F + x) = ∅, we can choose y ∈ A ∩ (F + x)
such that (F + y) = (F + x).
Theorem 3.5. Suppose that C is a closed convex set with N(C) = ∅ in a separable Banach space X, and Y is a
Banach space admitting the RNP. Then for every Lipschitz mapping f :C → Y , the subset G of N(C) where f is
everywhere Gâteaux differentiable is not null.
Proof. We first note that N(C) is a Gδ-set (hence a Borel set). Next, without loss of generality, we assume that
0 ∈ N(C). By Theorem 2.6, spanC = spanN(C) =⋃∞n=1 nN(C) is a dense subspace of X. Separability of X implies
that there exists a sequence {xn} of linearly independent vectors in N(C) such that X∞ ≡ span{xn} is dense in X. For
each n ∈N, put Xn = span{xk: k  n}. Let
Dn =
{
x ∈ N(C): lim
t→0
(f (x + tu) − f (x))
t
exists for every u ∈ Xn
}
.
Since Dn is a Borel subset of N(C), D ≡⋂Dn is again a Borel subset. Note
D =
{
x ∈ N(C): lim
t→0
(f (x + tu) − f (x))
t
exists for every u ∈ X∞
}
.
Therefore, for each x ∈ D,
Tx(u) ≡ lim
t→0
(f (x + tu) − f (x))
t
defines a bounded linear operator (bounded by ‖f ‖Lip) from X∞ to Y .
Density of X∞ in X ensures that there exists a unique bounded extension T of Tx from X∞ to X. Thus, f is
Gâteaux differentiable and with the Gâteaux derivative df (x) = T . This says that D is just the set of all Gâteaux
differentiability points of f in N(C). It suffices to show that D is not null.
Note Dn ∩Xn is just the set of Gâteaux differentiability points of fn ≡ f |C ∩Xn in N(C)∩Xn and note N(C)∩Xn
is nonempty open in Xn. Applying Lemma 3.3 to Xn and N(C)∩Xn, we observe that (N(C) \Dn)∩Xn is a null set
of Xn.
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defined on an open set (perhaps empty) Uy of Xn, and the set of all non-Gâteaux differentiability points in Uy is just
(N(C) \Dn − y)∩Xn. Therefore, it is again a null set in Xn. Lemma 3.4 asserts that (N(C) \Dn) ∈A({xk: k  n}).
Therefore, N(C) \⋂∞n=1 Dn =⋃∞n=1 N(C) \ Dn ∈A({xn}).
Now, it remains to show that for every sequence {yn} of non-zero vectors in X whose linear span is dense in X,
we have N(C) \ D ∈A({yn}). If span{yn} ⊂ spanC, we just repeat the procedure above without change but substi-
tuting {yn} for {xn}. If span{yn} is not contained in spanC, we fix any x ∈ {yn}, which is not in spanC. Then for
every y ∈ X, if (N(C) \ D) ∩ (y + Rx) = ∅, then there exists z ∈ N(C) \ D such that (N(C) \ D) ∩ (y + Rx) =
(N(C) \ D) ∩ (z +Rx) ⊂ {z}. Therefore, N(C) \ D ∈A(x). Hence N(C) \ D is Aronszajn null. 
The following theorem is an application of Theorem 3.5 to Lipschitz embeddings of closed convex sets.
Theorem 3.6. Suppose that C is a convex separable set of a Banach space X, and that Y is a Banach space with the
RNP. Then C can be Lipschitz embedded into Y if and only if XC (the closure of spanC) is linearly isomorphic to a
closed subspace of Y .
Proof. We still assume 0 ∈ C. We can also assume that C is closed. Since C is separable, XC must be a separable
space. Since affC = spanC is dense in XC , N(C) = ∅. Let f :C → Y be a Lipschitz embedding. By Theorem 3.5,
there exists a Gâteaux differentiability point x0 ∈ N(C) of f . Let T :XC → Y be a bounded operator such that
T (u) = lim
t→0
(f (x + tu) − f (x))
t
, u ∈
∞⋃
n=1
n(C − x0) =
(
span(C − x0)
)
.
Clearly, T is a linear isomorphism from XC to TXC ⊂ Y . 
References
[1] I. Aharoni, Every separable metric space is Lipschitz equivalent to a subset of c0, Israel J. Math. 19 (1974) 284–291.
[2] N. Aronszajn, Differentiability of Lipschitz mappings between Banach spaces, Studia Math. 57 (1976) 147–190.
[3] P. Assouad, Remarques sur un article de Israel Aharonic sur les prolongements Lipschitziens dans c0, Israel J. Math. 31 (1978) 97–100.
[4] J. Borwein, S. Fitzpatrick, P. Kenderov, Minimal convex uscos and monotone operators on small sets, Canad. J. Math. 43 (1991) 461–476.
[5] Y. Benyamini, J. Lindenstrauss, Geometric Nonlinear Functional Analysis, vol. 1, Amer. Math. Soc. Colloq. Publ., vol. 48, Amer. Math. Soc.,
Providence, RI, 2000.
[6] C. Wu, L. Cheng, A note on differentiability of convex functions, Proc. Amer. Math. Soc. 121 (1994) 1057–1062.
[7] L. Cheng, Q. Cheng, W. Zhang, On super-weakly compact sets and generalized renormings, in press.
[8] J.P.R. Christensen, On sets of Haar measure zero in abelian Polish groups, Israel J. Math. 13 (1972) 255–260.
[9] M. Csörnyei, Aronszajn null and Gaussian null sets coincide, Israel J. Math. 111 (1999) 191–202.
[10] W.J. Davis, T. Figiel, W.B. Johnson, A. Pelczynski, Factoring weakly compact operators, J. Funct. Anal. 17 (1974) 311–327.
[11] I.V. Girsanov, B.S. Mityagin, Quasi invariant measures and linear topological spaces, Naucˇn. Dokl. Vys. Škol 2 (1959) 5–10.
[12] R.B. Holmes, Geometric Functional Analysis and Its Applications, Word Publishing Corporation, New York, 1975.
[13] P. Mankiewicz, On the differentiability of Lipschitz mappings in Fréchet spaces, Studia Math. 45 (1973) 15–29.
[14] D. Noll, Generic Fréchet differentiability of convex functions on small sets, Arch. Math. (Basel) 54 (1990) 487–492.
[15] D. Noll, Generic Gâteaux differentiability of convex functions on small sets, J. Math. Appl. 147 (1990) 531–544.
[16] R.R. Phelps, Gaussian null sets and differentiability of Lipschitz mappings on Banach spaces, Pacific J. Math. 77 (1978) 523–531.
[17] R.R. Phelps, Some topological properties of convex sets, Israel J. Math. 13 (1972) 735–749.
[18] J. Rainwater, Yet more on the differentiability of convex functions, Proc. Amer. Math. Soc. 103 (1988) 773–777.
[19] V.N. Sudakov, On quasi-invariant measures in linear spaces, Vestnik Leningrad Univ. 15 (1960) 5–8 (in Russian).
[20] M.E. Verona, More on the differentiability of convex functions, Proc. Amer. Math. Soc. 103 (1988) 137–140.
